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THE CLASS OF CONVOLUTION OPERATORS
ON THE MARCINKIEWICZ SPACES

by Ka-Sing LAU (*)

1. Introduction.

Throughout the paper, the functions we consider will be complex
valued, Borel measurable on R. For 1 <p < oo, we will let

and

— 71
P = . = i —_—
re=lecta,, 3:%(26

f: lg(u +€) —gu— e)l”du)”p <oo§ .

The space #? is called the Marcinkiewicz space. The space ¥ P was
introduced by Hardy and Littlewood [3] in order to study the frac-
tional derivatives and is called the integrated Lipschitz class. By iden-
tifying functions whose difference has zero norm, it was proved that
both .#” and ¥'? are Banach spaces [4], [8]. These spaces have
also been studied in detail in [2], [3], [7], [10], [11], [12]. Let w'?
denote the class of functions f in 4 such that

li ! T P

Am oo I f
exists; then #'? is a “non-linear” closed subspace of # 7. In [13],
Wiener introduced the integrated Fourier transformation g = W(f)
ofan f in #'? as

wr-{fq+f)u)waa
e—iux _ |

+—fﬂn—7ra.un

(*) Partially supported by the NSF grant MCS7903638.
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We call this transform the Wiener transformation. By using a deep
Tauberian theorem, he showed that

1Fll2 =UWOI 5, fE¥?.

Recently, this result has been extended by Lee and the author [8]
to include the fact that the Wiener transformation W: #2 — 2
is a surjective isomorphism. Moreover, the exact isomorphic constants
have also been obtained. The theorem is an analog of the Plancherel

theorem in the classical L?> case. For 1<p<2, %+ !%= 1

W also defines a bounded linear operator from . ? into »"? "

It is the purpose of this paper to study the convolution oper-
ators on the Marcinkiewicz space #°, 1<p <o, and on the
closed subspace #7 of regular functions f (i.e.,

T+
im ~ [P =0
T
for a > 0). Some results related to this subject can be found in

[2], [14], [15].

In [2], Bertrandias showed that for each bounded regular Borel
measure u on R, the convolution operator (IJ“: MP —> 7P
given by <I>“(f) =uxf is well defined and | @, |l &P < |l mll.

In §2, we show that if u satisfies [ |x|d|ul<oo, then the
R
restriction map &, : ] —— A7 satisfies

. 1
'rlinl ﬁ‘ N I(XT‘I)“—‘I)“XT)flp=O,

where Xy is the characteristic function of [— T, T]. This is used
to prove that for any bounded regular Borel measure u,

I, ”4{ =2l 5,

where || <I>“ Ile is the norm of the convolution operator <I>“ on
L?(= L?(R)) (Theorem 2.4).
Let .{lp (JLP) denote the norm closure of the family of convo-
r

lution operators on 4% (L?, respectively). It follows from the result
mentioned above that s 4P is isometrically isomorphic to JL pe
r
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However, under the strong operator topologies, the structures of
the two spaces are quite different. We prove that in I 4p > the strong
r

operator sequential convergence and the norm convergence coincide
(Theorem 2.6).

In § 3, we consider the convolution operator under the Wiener
transformation W: .#°? — P 1<p<2. One of the diffi-
culties in defining the multiplication operators on ¥"? is that even
for a very “nice’ function 4, the pointwise multiplication

(h-g)(u) =h(u)-g(u), ge¥? (1.2)
does not give a functionin ¥ ?. Let
DV = (h: h(u + €) — h(u) = o(e"?) uniformly on u},

it is shown that if g€¥? NL? and h € D', then (1.2) defines
a function in ¥"?. In [8, Theorem 3.3], it was proved that for each
gEYP, there exists a g €¥P NLP such that [lg—¢'lly, = 0.
Hence, for the above A4, h-g can be defined to be the equivalence
class in ¥'? containing 4 - g’ (defined by (1.2)) where g'€ ¥ ?NL”
and ||g —g'll,,#=0. The main result of this section is that for

1 <p <2 and for any bounded regular Borel measure u such that
1 1
the Fourier-Stieltjes transformation g is in 27 =+ 5 =1,
. p p
then W yields
Wp*f)=p-W(f), feH”.
In particular, if u satisfies f |x|d|u| <oo, then p€2'" and
the above equality holds. R

In § 4, the results of § 3 are used to prove a Tauberian theo-
rem on 2. If u is a bounded regular Borel measure on R such
that €2 and a(u)#0 Vu€R, and if fEM? satisfies

1 T 1/2
* = lim —_— * 2 = 0’
lusflle = tim (5= [ lwerP)
then for any continuous measure ¥ € M such that yeE?

o 1 T 2\12 _
Ip*fllg = lim (5= [ 1wxrP)" =0.

This improves a resulf of Wiener [15, Theorem 29].
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2. The Convolution Operators.

Let #?,¥ P be defined as above. When there is no confusion,
we will use the same notation f €4 (¥ ?) to denote the function
f on R as well as the equivalence class of functions in .#? (¥'?,
respectively) whose difference from f has zero norm.

Let ® be a bounded linear operator from a Banach space X
into X and let || ®|lx denote the norm of ¢ on X.

PRroPOSITION 2.1. — Let X be a closed subspace of #° such
that 1P €X and let ®: X—> X be a linear map. Suppose &
satisfies the following conditions:

i) the restriction of ® on 1P defines a bounded linear oper-
ator &: IP —> L7,
1
i € im — d—o P=9.
ii) for each fEX, Th_t’nw TR | (Xt xt) [ 0
Then || ®llx < I|<I>I|Lp .

Proof. — Let f€X. Then
(% fTT |¢(f)|")l/p
<o [ 1@oxarP) (5 [ 10ae—exns1?)

<||<I>||L,-(2—1T- /. e)” +(51¥fR e ® — BxX)f1P)

Taking the limit supremum on T yields
NSO, U@, 11,

and (| @l <[l _,. o

1p

Let M be the class of bounded, regular Borel measures on R
and let M, be the dense subspace of u €M such that

[ Ixidiul <.
R

In [2, p. 19], Bertrandias showed that for each u €M, the convo-
lution operator @, : .#” —> #” can be defined as the .4 P-limit
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B
of the functions fAf(x—y) du(y) as A B—> o, fEMP.
Since 47 C #' and

1 oo
E?/:f_o. [f(x —y)d]lu]l(y)dx

o ] T
‘f_,,?ff_T‘f(x_y)ldxd[#I(y)<°°,

the integral j_‘.» f(x —y)du(y) exists for almost all x. We can
write the pointwise expression of @, (f) as

B,(N®) = w* N = [ flx—y)du(y).
In the following, the convolution operators on the closed sub-

1 T+a
space #? of regular functions f (ie. lim = f IfI”P=0
Tote T T
for a>0) in 4P will be considered. Note that fE.#? if and

1
only if lim — [T |f1P=0. Alsow” CA”. It is easy to
Tote T T

show thatif pEM. fEMP | then p* fEAD.

LeMMA 2.2. — Let p €M, and let &, : M7 —> #° be
the convolution operator. Then @, satisfies

. 1
lim o= | 10a®, —®,x)fI” =0, fEAL.

Proof. — Let fE.#% and let ||ull =1. For any € > 0, there
exists an @ > 0 such that

S pam 171 B <€
anda T, >1 such that for |T|>T,,
1

T+a
5T Jr IfIP<e

and for T>T,,
1

fT b il FUP
o7 Jp P <UFIE, +e.

Now for T > T,,
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j_.,, '(XTQIA - q’,‘XT)flp
= [T ) = xa(x = ) £(x = ) du(x)IP dx
</ [T 100 = xe(x = ) f(x — Y)IP d 1pl (»)dx

= [ 1 =P dini ) ax
where E = E, UE, UE; UE, with

={(x,y): —T<x<T, x+T<y},
2={(X,J’).— <x<T, y<x-T},
E;={(x,y): T<x, x -T<y<x+ T},

and
E,={(x,y»): x<—-T, x-T<y<x+T}.

On the region E;, we have

JI, 16 =1 diul ) ax

y-T
ff fx—pPaxdiple)
+ [T 1 =P dxdinl ()

(f dlul)(f_T | f(2)1° d2)
T+y
+f f lf(z)l”dzdlﬂl()’)-
This implies that

f |f(x = Y)I” d |p] (v) dx
e+(||f||” teo [ —dlul(y)

<e+20I71° , +ee. (2.1)
Similarly, we can show that the inequality (2.1) also holds for E,,
i = 2,3,4. This completes the proof. o

It follows from Proposition 2.1 and Lemma 2.2 that

II<I>III£, <lel ,

To obtain the reverse inequality, the following is required.
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LEMMA 2.3. — Let pnE€M, and let fELP. For any €>0,
there existsan f €EMF such that

i) lIfIl;p<lIfllip+e,
ii) II#*fII;p>llu*fllip .
Proof. — Without loss of generality, we may assume that

supp fS€ [~ A,A], suppuS[-B,B] and A,B>1. Let
C= A+ B, then supp(u* f)C[-C,C].

Let T, =C and let 'fl = f. Suppose that T,_,, f,_, have

been chosen, choose T, such that |

T
n > —_— —
T,> T, +20C, T4 (1--)
and
1 T, ™! €
D Pl —.
T,,_cfo IDPAES
Let
T n-1
=% &,
n n o k
where

8 (x)=f(x —T, — 2kC).

Since each f, is composed of n disjoint copies of f and all of the
f,’s are disjoint, it follows that the sequence {u * f,,} has the same
property. Let
? = 2l z fn )
n=1

To see that f €.#7, observe that 7 is supported by

E= U [T,-C,T,+Q@n-1)Cl,
and that n=l

— 1 T ~ — 1 T ~

. —_ p= . —_— p.

Jm 2Tf_r|f' Jim 2Tf—Tlf]
TEE

T, €
i N P p -
If n, is such that - i fIle < "f"LP + > then for n > n,

0
and for TE([T, - C, T, + 2n — 1) C],
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1 T o 1 T n p
—_— P<_
2 Tr<s [ 3t
1 ,T
_ p _
<z e+
T T n1 €
<;;’i: 5 | g 1P dx+—2-
<
T IIfII 2
f||5p+e.
Moreover, forany T suchthat T, -C<T<T,,, —C,
1 T+l ~ T 1 T,
— < 2 P — . p
or b TS, <,
Hence ?E.Il P and satisfies i). To prove ii), we let
T=T,+@2n-1)C.
Then
1 1
P
>T !u*fl a1 | &
1 T
> — * p
2Tf lu* £yl
Tn
x fIIP
T +@n—nc Il
This implies that -
lu*FUE , > lusf17, . o

THEOREM 2. 4, — Let 1<p <o gndlet wEM. Then the convo-
lution operator @, : M7 —> M7 satisfies || P, ”.lf =, Ile

Proof. — It follows from Proposition 2.1, Lemma 2.2 and Lemma

2.3 that || D, |I . =%, II for u€M,. For pEM, there exists
a sequence {u,,} m M, whlch convergesto u. Since
19, ~ @, 1L, <UB, B, 1L, <lu— gl

it follows that

= i = i = (m]
120p = lim 19,1, = lim 18,1, =19,



o

THE CLASS OF CONVOLUTION OPERATOQRS 233

Let le (JLp) denote the norm closure of the class of convo-

r
lution operators on . ?(L?, respectively), Theorem 2. 4 implies
that J 4P and JLp are isometrically isomorphic. However, under

the strong operator topologies, the two classes of operators are
different (Theorem 2.6).

LEMMA 2.5. — Let {@un} be a sequence in &p . Suppose
wr

{@un} converges to zero under the strong operator topology. Then
{d)n,, } converges to zero under the norm topology.

Proof. — If the lemma were not true, then it follows from
Theorem 2.4 and by passing to subsequence, we can assume that there
exists a sequence {f,} in L and an a > 0 such that

N7l , =1 and llw, *fllP,>a VnEN.
We will constructan f €.#% such that
ltn * FI%,>a  VHEN,
This contradicts the hypothesis that {@Mn} converges to zero under
the strong operator topology.
Without loss of generality assume that for each n,
supp f, S [-A,,A,], suppu,C[-B,,B,],

and {A,}, {B,} are increasing. Let C, = A, + B,. In the follow-
ing, we will define two sequences {T,} and {k,}. Let T, =C,,
h,=/f, . Given T,_,, h,_,, choose T, such that

Tn>Tn—l +2ncn—-l +Cn’ Tn > (l—l)
T,+2n+1)C, n
and : - ,
» T, -

— /Y n,| <1

Tn Y m=1
Let

T

= |
=
I
-

and let .
F=2" % n,,
n=1
then tlle same proof as in Lemma 2.3 shows that ?G.lf and
llﬂn*fll_l,,}a. o



234 K.-S. LAU

The following theorem follows immediately from Lemma 2.5.

THEOREM 2.6. — Let "(l'r’ be the closure of the family of convo-
lution operators on M P . Then Jlg is a Banach algebra such that

the strong operator sequential convergence and the norm convergence
coincide.

Note that under the strong operator topology, Jp is metrizable
on bounded sets, hence Theorem 2.6 does not hold for S, p .

3. The Multipliers.

In this section, we will consider the convolution operator under
the Wiener transformation. First, we will define the operators on
¥P  of multiplying by scalar functions. We need the following pro-
position which was proved in [8].

ProPOSITION 3.1. — Let 1<p <o. Then for any g€EY¥P,
there existsa g €V N 1P such that |lg— g Ipr =0.

The proposition amounts to saying that by identifying functions
whose difference has zero norm, each equivalence class has a repre-
sentationin L?.

For each t€R, we use 7, to denote the translation operator
defined b
Y (r,8) (u) = g(t + u)

where g is a function on R. For each g €¥?, we can rewrite the
definition of IIgIL/p as

= Timm —l/p o = Tim _l/p p—
el p elin;+ (2e)" " 7.8 T_eg’IIL,, 6lgl; e Plireg—gll p-
Let 2P be the class of bounded functionson R such that
h(u + €) — h(u) = o(e'/P)
uniformly on u. Let €2  let g€¥P NLP and let h-g be
the pointwise multiplication of 2 and g. Then
e |7 (h-g) —h- gIle <eW|hn-(r.g ~g)IIL,,
+e |\ (r,h—h)- T, gIle .
3.1
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Note that
eli_zr; e\ (r,h—h) 1.8 [

= || lim e’ (h—1_.h) -gIILp (by the dominated

€0 convergence theorem)

=0, (3.2)

Hence, (3.1) and (3.2) imply
Ih-gl , <IAl, -lgl_, .

It also follows from the above argument that if g and g’ are in
¥YPNLP, then h-g=h-g in ¥?. We define for h€2'P and
for each g€Y'?, the multiplication operator ¥,(g) to be the
equivalence class in ¥'? containing 4 -g’ where g €¥"? NL? and
llg — g'Ile = 0. Westilluse - g todenote ¥,(g).

Remark. — For an arbitrary g€¥?, the pointwise multipli-
cation h-g is not necessary a function in ¥'?. For example, let
h(u) =e™ and let g(u) =1, u€R, then the pointwise multi-
plication 4 - g isnotin ¥'?.

PROPOSITION 3.2. — Let 1<p <o and let h€D'. Then
the operator ¥, :¥'?P —>¥°P defined above is a bounded linear
operator with || ¥, Ilyp < ||kl . Moreover,

1, @, = Tm e Pk (r.g — )l -

e—ot

Proof. — We need only prove the last formula. The expressions
(3.1) and (3.2) imply that

Tin -1
I ‘I',,(g)llyp < e]_lf?+ e |h (1,8 ol p-
The reverse inequality is obtained by interchanging the first two terms
of (3.1) and applying (3.2) again. O
Foreach u €M, , it follows that
ku +€) — .
@'(u) = lim M = lim ,l_f (e—z(u+e)x _e—iux) du(x)
+

€0 € €0 —=

=—if e~ . xdu(x).

Hence, jt(u + €) — ji(u) = o(e'/?) uniformly in u, ie. € 2P,
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COROLLARY 3.3. — Let 1<p <o and let wnEM such that
RE D' Then the operator ‘I';, VP — ¥P is a bounded linear

operator with || ‘I’ﬁ",/p <lillw. In particular, if pn€M,, then
W satisfies the inequality.
Let W be the Wiener transformation defined by (1.1).

THEOREM 3.4 [8). — The Wiener transformation W defines

a bounded linear operator from MP into ¥vP, 1<p<2,
1 1

—+ =1

p p

In particular, if p =2, then W is an isomorphism from #*

onto ¥'* with
1/2

o ~ -1/2
Wil = h(x)dx) , Wl = h ,
Wi = ([" hCodx) . W= (max xh()
where
2 i 2 ~
h(x)= "5 and F(x) = sup h(x), x>0.
X t>x

LEMMA 3.5. — Let 1<p <o and let h€E 2V . Suppose
gE¥P and g E¥PNLP are such that | g— g'llyp =0. Then
lim, e |\h- (1,8~ 7_8) — (re(h-g) —7_(h -gNI , =0

(where the involved multiplications are pointwise multiplication).

Proof. — Observe that

lim ™7 llh-(r.8 ~7_.8) —7(h-g)—1_(h-gNI,

€—>0

< Lim e |h-(r.(g —g)—7_(g gNll ,

e—>o0t

i -1/p —h)- ¢
+ elirg+ e Plreh —h)-1.2ll ,

Tim e-lp —h)- !
+Eling+e NT_eh—h)-T_c8ll ,-

The first term is not greater than
. _l/p _ ’ _ _ ’
7l Jlim e (¢ —8) —7_(g =)l ,

which is equal to |2l -llg — &' I!V” and by hypothesis, it equals
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zero. By an argument similar to (3.2), the second and the third
term are also zero. This completes the proof of the lemma. )

For an fELP, 1<p <2, we will use f to denote the
Fourier transformation of f in LP . It is well known that for the
above f,

(L 1w

) \(f f@)IP \/7‘)

THEOREM 3.6. — Let 1<p< 2,
fEMP, uEM such that L €EDVP’,

W(u*f)=p-Wf in ¥P .

1 —1—,=1. Then for any
p p

Proof. — First consider the case that u has bounded support,
say, suppu C[— A, A]. Without loss of generality assume that
lull =1 and let

W(f)=g and W(ux*f)=¢g
In view of Lemma 3.5, it suffices to show that

hm €W (T8, —T_8) —it-(r.8 — Tl =

e—ot

Since (r,g — 7_,g) is the Fourier transformation of

h(x)=/f( )s‘"”

it follows that (r.g, —7_.g,) is the Fourier transformation of

hl(x)=/(u*f)()s"‘ex

and both 4, and A arein L” (cf. [8, Theorem 5.5]). Hence

Q)P (1 gy —T_.8) — (T8~ T_ Dl
= Qo) Iy = )1l

= Qo' (VI [ 1 =1 j?u?)
1/p

<o am" ([ 1, - ni? ;;F )

1 - : b ex )
=(1reP~1 f_,,lf_: f(x_y)(sn;ex_smejyy)

1/p"

1/p

p
, )
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<(",1,_,f_:f_“ £ - P)IP -

( neP -1 f f | f(x — )lp( |+')I}I]) I#I(y)dx)l/p

(by [15,p. 157])
dx d|ul(y)

1/p

sin €x p
- dlnl(y)dx)

- 1
=1p . el )P —
< 8P . € lv(‘/;«l ‘/;_,lf(x D) P

iamen (Lo15=0p I—;,,l—ﬁ dx) |y1” d |ul ()

dx
[x|? +1
that the last two terms of the above inequality are bounded. Hence

The fact that 4?7 CL? (R, ) [8, Proposition 2.1] implies

lim e %" ||(r g — T_e8) M (Teg—T_ Bl , =0.

e—ot
This completes the proof of the theorem for measures u with bounded
support. Now, for any u €M, , there exists a sequence of {u,} with
bounded support such that |[u, — nll—> 0 as n —> . Corollary
3.3 implies

[ ‘I’nn - ‘P“IL,p' < i, — ble <llm, —null.
Hence

Wu*f)= lim W(u,*f)= lim @, -W()=p -W(). 0o

Let uE€M and define the multiplication operator ‘Ilp :
P —> P asthelimitof ¥, , u, € 2'F.

COROLLARY 3.7. — Let 1<p <2 % +pl =1. For each

HEM, let &, be the convolution operator of p on MP and let
¥, be the multiplication oqerator on ¥ P Then for any fEM#?,

W, f) =¥, (W(Sf)).

Let ¥'2 = W(#2), then the following result follows from
Theorem 2.4, Corollary 3.3, Theorem 3.4 and Theorem 3.6.

COROLLARY 3.8. — For each w €M, we have

c %IIIg <I ‘Ilﬁ".lf < Il%lll? = il

where C = ||W| - IW™].
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4. A Tauberian Theorem.

In [15, Theorem 29], Wiener proved a Tauberian theorem on
A%, In this section, by making use of his idea and the results in
the previous section, we can simplify his argument and extend the
theorem.

LEMMA 4.1. — Let p €M such that (€ 2V and jp(u) #0
for all u in R. If fEM? is such that n;nfll , =0. Then
g = W(f) satisfies

11m lf lg(u +€) —gu))*du=0 VC>0.

e»ot € Yc

Proof. — Since @ is continuous and @& # 0, there exists a
Q > 0 such that |a(u)] > Q forall u€[—-C,C]. Hence

hm ——f lg(u + €) — g(u)|* du

6"0

Lo -
<Tm, o [_ 6P 12+ e) — g du

e—»ot

= ||W(u* f)Il:,z (by Proposition 3.2 and Theorem 3.6)

<UWIE - llw=fI2,,
=0. o

LEMMA 4.2. — Let v be a continuous measure in M such that
PE D'V? Let fEM? andlet g = W(f). Then

lim Tii —;—(L;C+ /:) (D)) |g(u +€) —gw))* =0.

C >0 e—0

Proof. — We will estimate the following limit :

2
11m hm — f

n—>0 e—»ot

5P 1g(u + € — g@)P .

Since » is a continuous measure, lim »(u) = 0. Also note that

lu|—>o0

jiun _ 1
-

iun

is bounded, and forany A > 0,
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iun

1 —

lim

n—o* iun

l = 0 uniformly for u €[ A, A].

€
For €, > 0, there exists A, such that for A= A,, |9(u)| < EL
. efun _ ] 1
where K,(>1) is the bound of ‘1 - ‘
such that for 0 <n <7,
iun __ 1
AR

iun

- . There exists n,
iun

€
<—°_’ HE[—A )A ])
Kz 0 0
where K, >1) is a bound of » in [—A,,A,]. Hence, for
0<n<n,,

efun _ |
ll—'—.—"lﬁ(u)l<€o, u€R,
iun

and
— 1 *® en — 1|2 - 2 2
eli,no'+ = f;u ll——Tn— [p(w)l” |g(u +¢€)—g(u)l <€ollg||,f2.
This implies
— 1 p= eun _ 112 ) )
lim lim — - [v(u)|” 1g(u +€)—gw)|”=0.
n—ot e—o* € ‘[_‘m g g
efun _ | 1
Since | 1 — ——— | > = forany un > 4, we have
iun 2

lim  lim é(f_j/n+f4/:)lﬁ(u)l2 lg(u+ ) —gw*=0.0

n —>0+ e—»o0"

THEOREM 4.3. — Let €M such that P € 2% and ja(u)+#0
forall u in R. Suppose f EM? satisfies

%gnm -2-1,17 _TT lu*x f?P=0.
Then for any continuous measure v €M such that » € 27
1 T
i g L wese=o.

Proof. — Lemma 4.1 implies that forany C > 0,

1 oprc 2 _
tim o [ PP g + e — g = 0.
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Also by Lemma 4.2,

Lo 1 -¢ i 2 2
Jim Tm o ([ 7+ [7) p@P law + @) — g = 0.
This implies that ||? -glly2 = 0. By Theorem 3.4 and Theorem 3.6,
llv * fllyz =0. o

5. Some Remarks.

In Section 2, we proved that the convolution operator

o, M — 47 satisfies || D, ".41’ =|®, “L’” we do not know

r
whether or not &, : ¥ P — #% will satisfy the same equality.

An operator ® : L —> L” is called a multiplier if ®1,=1,®
for t€R. The relationship of multipliers and the equation
&(f) =h-f for some bounded function # on R is generally
well known. Also, the class of multipliers on L? equals the strong-
operator closure of the class of convolution operators. However,
nothing is known for the multipliers on ”. It would be nice to
have complete characterizations of the multiplier on .#7, especially
on #2.

In Section 4, we can only prove the Tauberian theorem on 4 2
(Theorem 4.3). For 1 <p <2, the Wiener transformation is well
defined. All the proofs in Section 4 will go through except the last
step in Theorem 4.3. It depends on the following statement which
has to be justified:

For 1<p <2, the Wiener transformation W :.#° — P
is one to one.

Note that the statement is true for the Fourier transformation
from I? to L7, 1<p<2.

In our Tauberian Theorem, we have to assume that

li ! T| =0
Jmoos g uxfl*=0.
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We do not know whether the conclusion holds if we let f€ %2
and replace the zero by a positive number. Also, we do not know
whether the condition on u and » in Theorem 4.3 can be relaxed.
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